In certain academic systems, a student can enroll for an exam immediately after the end of the teaching period or can postpone it to any later examination session, so that the grade is missing until the exam is not attempted. We propose an approach for the evaluation in itinere of a student's proficiency accounting also for non-attempted exams. The approach is based on considering each exam as an item, so that responding to the item amounts to attempting the exam, and on an Item Response Theory model that includes two latent variables corresponding to the student's ability and the propensity to attempt the exam. In this way, we explicitly account for non-ignorable missing observations as the indicators of item response also contribute to measure the ability. The two latent variables are assumed to have a discrete distribution defining latent classes of students that are homogeneous in terms of ability and priority assigned to exams. The model, which also allows for individual covariates in its structural part, is fitted by the Expectation-Maximization algorithm. The approach is illustrated through the analysis of data about the firstyear exams of freshmen of the School of Economics at the University of Florence (Italy).
Introduction
The analysis of university student careers is relevant for both planning and guidance. In particular, the proficiency of students at the end of the first academic year is highly predictive of the final outcome; its evaluation can be based on the total number of gained credits (Grilli, 2016) or on the result at each compulsory exam. Each exam can be passed or failed; in the Italian university system, for instance, a passed exam is evaluated on a scale ranging from 18 to 30, plus "30 with honors". In this regard, Bertaccini, Grilli, and Rampichini (2013) proposed an IRT-MIMIC model where each compulsory first-year exam corresponds to a binary item, with the success standing for having passed the exam within the first year. However, the proposed model does not account for two aspects which are common in the Italian university system: (i) courses with a large number of students are divided into parallel groups; (ii) a student can take the compulsory exams in any order and not necessarily during the first year. The first aspect may be addressed by considering a distinct item for each exam group. The second aspect requires to extend the model to account for the student strategy in choosing to take an exam during the first year or to postpone it. Thus, for a certain student at a given time point the result of a certain exam can be missing for two reasons: (i) the item corresponding to that exam is not due since the student belongs to another group; (ii) the exam is due, but the student decided to postpone it. The first kind of missing data is structural and thus it can be assumed to be ignorable, whereas the second kind of missing data is potentially informative, as it could be related to the student's ability, which is measured by the exam.
In statistical terms, postponing an exam generates missing not-at-random (MNAR) data which are then not ignorable (Little and Rubin, 2002; Mealli and Rubin, 2015) . To handle this kind of missingness, we follow the original idea of Lord (1983) , further developed in the parametric setting by (Holman and Glas, 2005) . In particular, we assume that the student's performance is driven by two latent variables. The first main latent variable affects both the enrollment decision and the exam result, thus representing student ability which is of main interest; the second latent variable only affects the enrollment decision, thus representing the student's priority in taking the exams.
In this paper, we focus on the analysis of student careers at the University of Florence, considering freshmen of the academic year 2013/2014 who are enrolled in the degree programs Business and Economics. These programs share the six compulsory courses of the first year. Given the large number of freshmen, each course is organized in four parallel groups on the basis of the first letter of the student's surname. This entails a set of 6 × 4 = 24 items, thus generating the structural missing values mentioned above. A student can take exams in any order during the examination sessions of the academic year (January, February, June, July, September, December). To take a certain exam in an examination session, the student has to enroll via a web procedure, which is also used to record the exam result. Most freshmen cannot manage the entire workload, so they decide to postpone one or more exams to the following academic year. A student postponing an exam never enrolls for that exam during the first year, thus generating a missing value that likely is informative.
The main purposes of our analysis are: (i) evaluating the student performance on the basis of the decision to take or postpone each of the compulsory first-year exams, in addition to the grades of passed exams; (ii) characterizing the compulsory exams in terms of their difficulty and discrimination power; (iii) comparing the parallel groups of each exam to check whether they behave similarly; (iv) clustering students into homogeneous classes of ability and preference for the exams sequence, controlling for observed student characteristics. The results of our study can help in planning the degree programs and organizing student tutoring.
To perform the analysis, we develop an Item Response Theory model (IRT; Hambleton and Swaminathan, 1985 ; Van der Linden and Hambleton, 1997; Bartolucci, Bacci, and Gnaldi, 2015) for multidimensional latent traits (Reckase, 2010 ) accounting for both structural and non-ignorable missing values. Exams are treated as ordinal items measuring the latent variable representing the student ability, whereas binary indicators of exam enrollment measure both ability and another latent variable representing exam priority. This structure, where a set of items contributes to measure more latent variables, is known as within-item multidimensionality (Adams, Wilson, and Wang, 1997) and the corresponding IRT model with continuous latent traits is known as item bifactor model, which is a special case of the confirmatory item factor analysis model (Gibbons and Hedeker, 1992; Gibbons et al., 2007; Cai, 2010) . The item bifactor model assumes mutually uncorrelated latent variables, with a general latent trait affecting all items through suitable loadings and other traits for certain specific subsets of items. The model we propose is more general for two aspects: (i) it allows for certain forms of correlation among latent variables; (ii) it is not necessary to have a general latent trait affecting all items. Moreover, we assume that the latent traits have a discrete rather than continuous distribution. This choice increases the flexibility of the model and allows us to cluster individuals in homogeneous Latent Classes (LC; Lazarsfled and Henry, 1968; Goodman, 1974) . We let also allow for class membership probability to depend on student covariates. The proposed model is an extension of the LC-IRT model of Bacci and Bartolucci, 2015, which accounts for informative missing responses through a similar latent structure, but is limited to binary items and does not admit structural missing values. We observe that the application here proposed drives the development of a very general model that is suitable for a wide range of applications in other fields of knowledge, other than the educational setting, involving the measurement of multiple latent traits.
The procedures to estimate the proposed multidimensional LC-IRT model are implemented in the R package MLCIRTwithin , freely downloadable from http://CRAN.R-project.org/package=MLCIRTwithin.
The remainder of the paper is organized as follows. Section 2 describes the data. Section 3 illustrates the model and Section 4 provides details on estimation. Section 5 is devoted to the application; in particular, this section describes model selection, including tests for the ignorability of the missing data mechanism and for the homogeneity of groups of the same academic course. Section 6 provides main conclusions.
Data description
The data set for the analysis is obtained from the administrative archive on student careers, considering the freshmen of the academic year 2013/2014 enrolled in the degree programs Business ('Economia Aziendale') and Economics ('Economia e Commercio') of the University of Florence.
The data set includes background characteristics of the students and their careers until December 2014. The first year entails six compulsory courses, three in the first semester and three in the second semester. All courses have parallel classes with distinct teachers, according to the first letter of the student's surname. Five courses are common to the two degree programs, and are divided in four groups (A-C, D-L, M-P, Q-Z), while the course Management differs between the two degree programs, and the students are split in two groups for each program (A-L, M-Z).
Students can take the exams in any order, not necessarily at the end of the corresponding course. The exams of the first-semester courses can be taken in any of the six sessions from January to December, while the exams of the second-semester courses can be taken in any of the four sessions from June to December. In order to take the exam in the chosen session, the student has to enroll via web. If a student decides to postpone an exam to the next academic year, the enrollment record for that exam is empty.
In the analysis we consider the 861 freshmen who enrolled for at least one exam until December 2014 (89% of the freshmen). For each student, the data set contains information on the number of enrollments to each of the six exams, alongside with their outcomes. Passed exams are scored with integer values ranging from 18 to 30, plus "30 with honors". For each exam (merging groups), Table 1 reports the percentage of students who enrolled in at least one of the six sessions of 2014 (enrollment rate), the distribution of the outcome for students enrolled at least once, considering the best outcome if the exam is repeated, and the percentage of students who passed the exam by December 2014 (passing rate), both conditional on enrollment and overall. The overall passing rate is obtained as the product of the enrollment rate by the conditional passing rate.
[ Table 1 about here.] Table 1 highlights the large variability of student performance across the courses. It is worth noting that the overall passing rate may result from markedly different patterns. For example, the overall passing rate for Accounting is higher than for Law (53.8% versus 25.6%), which is mainly due to different enrollment rates (93.5% versus 48.3%), whereas the conditional passing rates are similar (57.5% versus 52.9%). On the contrary, the higher overall passing rate for Statistics with respect to Mathematics (40.4% versus 21.1%) is mainly due to different conditional passing rates (60.3% versus 34.2%), while being the enrollment rates similar (67.0% versus 67.8%). Table 2 shows the performance of freshmen by gender, High School (HS) type, HS grade (ranging from 60 to 100), late matriculation, degree program, and course group. The table reports the average number of attempted exams (enrolled at least once) and the number of passed exams.
[ Table 2 about here.]
Considering the six compulsory courses, on average students attempted 3.8 exams and passed 2.2 exams, with students from Scientific high schools or with a high HS grade (greater than 80 out of 100) perform better. On the contrary, late matriculated students perform worse in terms of both attempted and passed exams.
Model formulation
A distinctive feature of the case study under consideration is represented by missing observations on exam results, which could reflect student ability. Indeed, we expect that the tendency to attempt a certain exam in a given session is higher for students with greater ability so that exam results are not missing at random.
In general, data are missing at random (MAR) if the conditional distribution of the response indicator, given observed and unobserved data, is the same whatever the unobserved data for all the parameters values (see Definition 1, Mealli and Rubin, 2015) . If this condition does not hold, data are MNAR (see Definition 1, Mealli and Rubin, 2015) , thus the missingness mechanism is non-ignorable and it should be explicitly modeled to avoid wrong inferential conclusions.
In the statistical literature, different approaches have been proposed to model MNAR data, including: (i) the selection approach (Diggle and Kenward, 1994) , in which a model is specified for the marginal distribution of the complete (i.e., observed and unobserved) data and the conditional distribution of the missing indicators, given these data; (ii) the pattern-mixture approach (Little, 1993) , in which a model is formulated for the marginal distribution of the missing indicators and the conditional distribution of the complete data, given these indicators; (iii) the shared-parameter approach (Wu and Carroll, 1988; Follman and Wu, 1995) , which introduces a latent variable to capture the association between the observed responses and the missing process. An example of a shared-parameter approach in the IRT framework is provided by the finite mixture Structural Equation Model (SEM) of ; see also Jedidi, Jagpal, and DeSarbo (1997), Dolan and van der Maas (1998), and Arminger, Stein, and Wittenberg (1999) for details on finite mixture SEMs.
In particular, the model of Bacci and Bartolucci (2015) is characterized by a set of multiple equations that define the relationships among latent variables and observed item responses, missigness indicators, and individual covariates. The resulting model is a multidimensional Latent Class IRT (LC-IRT) model (Bartolucci, 2007; von Davier, 2008 ; Bacci, Bartolucci, and Gnaldi, 2014) allowing for within-item multidimensionality (Adams, Wilson, and Wang, 1997) in which certain items measure more latent traits. Here we propose an extension of this model accounting for ordinal item responses and structural missingness (in addition to potentially non-ignorable missingness).
Considering an individual randomly drawn from the population of interest, let Y j be the ordinal response to item j = 1, . . . , m, where the response categories are denoted by integer values l = 1, . . . , L. A missing response is denoted with Y j = NA, which indicates two types of missing: (i) item j is not due by design (structural missing, thus ignorable); (ii) item j is due but it is skipped (potentially non-ignorable missing). The two types of missing data are distinguished by the response indicator R j , assuming value NA if item j is not due, value 0 if item j is skipped, and value 1 if item j is answered. Note that the total number of items is 2m, namely m test items Y j plus m response indicators R j .
The test items Y j , along with the response indicators R j , contribute to measure two latent traits, assumed to be independent given a set of exogenous individual covariates denoted by X = (X 1 , . . . , X C )
′ . The first latent trait is described by a multidimensional latent variable U = (U 1 , . . . , U S ) ′ , representing the abilities measured by the test items Y j .
The second latent trait, described by a multidimensional latent variable V = (V 1 , . . . , V T ) ′ , represents individual preferences in choosing the test items to answer (i.e., the exam to take) or to skip. This structure is represented in the path diagram of Figure 1 , which refers to the special case of our application (Section 5), where both latent traits have a single component (S = T = 1).
[ Figure 1 about here.]
In the following, we assume that U and V have a discrete distribution with k U vectors of support points
respectively. This specification corresponds to clustering the individuals into latent classes that are homogeneous with respect to the latent traits. In the spirit of concomitant variable LC models (Dayton, 1988 ; Formann, 2007), we allow the membership probabilities of the latent classes to depend on observed covariates through a multinomial logit model (see also Bacci and Bartolucci, 2015) :
, where the covariate vector x includes a constant term, that is,
′ represent the effects of the covariates on the reference category logits.
The relationships among the latent variables in U and V and the item responses Y 1 , . . . , Y m and the response indicators R 1 , . . . , R m are described by the measurement part of the model, specified as a multidimensional LC-IRT model (for details, see Bacci, Bartolucci, and Gnaldi, 2014). The proposed model is an extension of the model of Bacci, Bartolucci, and Gnaldi (2014) , in that the multidimensional model structure is completely general, as it allows each indicator to measure one component in U and one component in V (within-item multidimensionality). As already noted, we extend the model of Bacci and Bartolucci (2015) to ordinal items and structural missing values.
Let
denote the probability of answering item j conditionally on U and V . Moreover, let p h U ,jy = P r(Y j ≥ y|U = u h U ) denote the probability that the answer to item Y j is y or higher (y = 2, . . . , L), conditionally on the latent trait U . In order to select the components of U and V entering the probabilities q h U h V ,j and p h U ,jy , we introduce two sets of indicators z U sj and z V tj , equal to 1 if item j measures the components U s and V t , respectively. Then, we specify a multidimensional LC two-parameter logistic (2PL) model (Bartolucci, 2007) for the probability of answering item j:
where δ j can be interpreted as the difficulty to answer item j, as higher values of δ j reduces the probability to answer the item; moreover, γ U j and γ V j are discrimination parameters, measuring the effects of the latent traits U and V , respectively, on the probability to answer the item. Note that, when γ U j = 0 for all items, the probabilities of answering the items do not depend on the latent variables in U , thus the missingness process is ignorable (see the ignorability test of Section 5.3). Moreover, the ordinal item responses Y j are modeled through a graded response parameterization (Samejima, 1969) :
where β jy is specific of item j and response category y and it may be interpreted as a difficulty parameter, since higher values of β jy (y = 2, . . . , L) push the probability distribution of the item towards the bottom of the scale. On the other end, α j is a discrimination parameter, measuring the effect of variables in U on the probability distribution of the item. In order to ensure the identifiability of the proposed within-item multidimensional model, two necessary conditions must be satisfied. The first one requires that at least one item must load only on one of the components of U or only on one of the components of V . In our specific context related to the treatment of non-ignorable missingness, this condition is always satisfied, as items denoting responses Y 1 , . . . , Y m measure only latent vector U . Second, suitable constraints on the item parameters are required. In particular, we constrain one of the discrimination parameters (γ U j , γ V j , α j ) to be equal to 1 and one difficulty parameter (δ j , β jy ) to be equal to 0 for each component of each latent variable. Generally speaking, any item may be chosen to be constrained, paying attention to select a different item for each dimension. In equation (3) we constrain γ V jt = 1 and δ jt = 0, whereas in equation (4) we constrain α js = 1 and β js1 = 0, with j s and j t (j s , j t = 1, . . . , m) denoting a specific item j, say the first one, which measure components s (s = 1, . . . , S) and t (t = 1, . . . , T ) of U and V , respectively.
The proposed model can be used to predict probabilities for the item result Y j and response indicator R j conditionally on specific values of the latent traits U and V . For instance, from equation (4) the predicted probability that item j results in category y is:
.
As another example, from equation (3) the predicted probability that item j is answered turns out to be:
Likelihood inference
The proposed LC-IRT model under within-item multidimensionality can be estimated through the maximization of the discrete marginal log-likelihood
where η is the vector of model parameters of equations (1) to (4) further to the support points of U and V , y i,obs = (y i1 , . . . , y im ) ′ is the vector of observed item responses for subject i, r i = (r i1 , . . . , r im )
′ is the vector of response indicators for subject i, and x i is the vector of covariates for subject i. The joint marginal likelihood L i (y i,obs , r i |x i ) of subject i in equation (5) is given by:
where, given the local independence assumption,
Note that if item j is not due, that is, it is missing by design (r j = NA), it does not contribute to equation (6) ; while if item j is due but it is skipped (r j = 0) it contributes to equation (6) only through the term (1 − q h U h V ,j ). The estimation of the proposed model can be performed by the specific R package MLCIRTwithin (Bartolucci and Bacci, 2015), which maximizes the marginal likelihood (5) through the EM algorithm (Dempster, Laird, and Rubin, 1977) , following the same lines as in Bacci and Bartolucci (2015) . Moreover, it allows for several options, such as: different number of latent classes for the two latent variables, binary or ordinal items for both the item response process and the missingness process, Rasch or 2PL parameterization for binary items, graded response or partial credit (Masters, 1982) parameterization for ordinal items, multinomial logit or global logit parameterization (Agresti, 2002) for the sub-model that explains the effect of covariates on the probabilities. Under the assumption of normally distributed latent traits, the estimation of within-item multidimensional IRT models assuming the presence of a general latent trait affecting all items, according to the formulation of Gibbons and Hedeker (1992), Gibbons et al. (2007) , and Cai (2010) , can be performed by means of the R package mirt (Chalmers, 2012) . This package also admits discrete latent variables, but in this case it has a limited flexibility, as the same number of latent classes is required for the two latent traits (i.e., k U = k V ).
For model selection we rely on information criteria, such as the Bayesian Information Criterion (BIC; Schwarz, 1978) , to compare non-nested models (mainly, for the choice of the number of support points k U and k V ), while we use the likelihood ratio test to compare nested models.
In order to facilitate the interpretation of the results and the comparison of models with different specifications, we standardize the support points as followŝ (3) and (4) must be transformed coherently as follows:
The standard errors of the transformed item parameters are obtained through the Delta method (Casella and Berger, 2006).
Analysis of student careers
We applied the LC-IRT model described in Section 3 to the analysis of the performance of university students described in Section 2. In the following we illustrate model specification and fitting, performing several tests for model selection, including a test for the ignorability of the missing data mechanism. We report estimates of model parameters, or suitable transformations improving interpretations. We discuss the main results, focusing on the discrimination and difficulty of the exams and the interpretation of the latent structure.
Model specification
For the analysis of the performance of university students we assumed S = 1, that is, all exams measure the same latent ability (U s = U), and T = 1, that is, there is one latent tendency to take an exam (V t = V ). Besides, we took explicitly into account that, for each of the six exams, there are four teachers and each of them defines a group, whose assignment to students depends on the first letter of the surname. Consequently, each combination exam-by-group defines a different item and the total number of items is therefore m = 24.
The tendency to take an exam, corresponding to V , is measured by the binary variable R j for j = 1, . . . , 24 that is observed for a given student when item j corresponds to the group to which he/she belongs to; otherwise R j is missing by design. Given that R j is observed, it equals 1 if the student enrolls to the corresponding exam at least once during the year and it equals 0 if the student skips the exam. Skipping the exam may depend both on the tendency V to take an exam and on the ability U that university exams contribute to measure. The structure of the proposed model is illustrated by the path diagram of Figure 1 .
Conditional to the enrollment, the student can fail or pass the exam with a given grade, ranging from 18 to 30, plus 30 with honors. We outline that the distribution of exam grades is far from to be normal, with peaks of observations in correspondence to certain grades (Bertaccini, Grilli, and Rampichini, 2013 ) and the maximum grade standing out of a quantitative scale. Moreover, grades from 0 to 17, denoting the exam failure, are not observable. Thus, the result on exam j is defined by the ordinal variable Y j with categories defined as follows:
where Z j is the exam grade in the original scale, with Z j ≥ 18 if the exam is passed, and Z j = NA if the exam is failed. We specified a multinomial logit model for the effect of the observed student characteristics (i.e., degree program, gender, HS grade, HS type, and late matriculation) on the probabilities of the latent variables U in equation (1) and V in equation (2) . Moreover, we specified a graded response model as in equation (4) for the exam result Y j , and a 2PL model as in equation (3) for the enrollment R j .
Model fitting
In order to select the number of latent classes of U and V , we fitted a series of models with covariates, making comparisons through the BIC index. These models are fitted as described in section 4. As a first step, we considered values of k U and k V equal or greater than 2, so as to faithfully reflect the latent structure described by the path diagram in Figure 1 . According to the results reported in Table 3 , we selected k U = 4 latent classes for U, and k V = 2 latent classes for V .
[ Table 3 about here.]
In order to check for local maxima, we repeated the model estimation process for different random starting values of the parameters.
Testing the ignorability of the missing data mechanism
In our setting, missing data regarding variable Y j are generated by the student decision to not take an exam. The specified model assumes that the choice to take an exam depends both on a latent variable representing the "temperament" of a student (describing his/her propensity to enroll) and on the student's ability. The dependence on the ability amounts to treat the missing data mechanism as non-ignorable (see Section 3).
To test the ignorability assumption we compared the proposed multidimensional LC-IRT model with a restricted model where exam enrollment does not depend on the ability U, namely we tested the hypothesis γ U j = 0, ∀j = 1, . . . , 24.
The likelihood-ratio test (LRT) statistic is LRT = 2×(6533.720−6338.268) = 390.904, with 24 degrees of freedom yielding a very low p-value. Therefore we proceeded with the proposed multidimensional LC-IRT model accounting for the non-ignorable missing mechanism. Table 4 reports the discrimination parameters of equation (4) for the exam outcome Y j , and the discrimination parameters of equation (3) for exam enrollment R j . In order to increase the interpretability of the results, all the parameters reported in Table 4 are scaled according to equations (8) .
Discrimination and difficulty of the exams
[ Table 4 
about here.]
Note that all the discrimination parametersα * j relating exam results Y j to the ability U are significantly different from zero, namely all the exams contribute to measure the latent ability. Accounting, Mathematics, and Statistics tend to have a higher discrimination power, that is, the results of these exams are more sensitive to variations in student ability. However, there are differences across groups of the same course, especially for Law and Management.
According to equation (3), enrollment to an exam R j is affected by the student's ability U through the γ * U j parameters, and by the latent variable V through the γ * V j parameters. The effect of the latent variable V is positive for Mathematics and Statistics, and negative for Law; thus V can be interpreted as the tendency of the student to take exams in quantitative subjects as opposed to exams in qualitative subjects. Considering statistical significance at 5%, student's ability U significantly affects the enrollment for most exams, whereas student's tendency V has a significant effect for just around onethird of the items. Moreover, comparing the absolute value ofγ * 1j andγ * 2j it turns out that the enrollment to exam is affected more by U than by V , with the notable exception of Mathematics.
The dependence of the R j variables for the exam enrollment on the ability U suggests that a model for evaluating the student's proficiency should account for enrollment decisions; in statistical terms, this provides evidence that the enrollment process generating missing exam grades is not ignorable, as confirmed by the likelihood-ratio test reported in Section 5.3.
Equations (3) and (4) Tables 1-2) are not easily interpretable, thus we converted such parameters into probabilities. In particular, Table 5 reports the probabilities of exam results for a student with average ability, that is, U = 0. In addition, the right part of Table 5 reports the conditional probability of passing the exam P r(Y j > 0|U) for certain values of the student's ability, that is, U = −σ U , U = 0, and U = +σ U , with σ U denoting the estimated standard deviation of student ability U.
[ Table 5 about here.]
We note large variability among courses and, in some cases, also across groups of the same course. For the majority of items, the most likely result is a failure. Moreover, for the majority of the courses the modal grade of passed exams is 18 − 21, with some notable exceptions, such as Management Econ M-Z. The values of the discrimination parameterŝ α * j imply that the probability to pass the exam depends on the student's ability: the range reported in the last column of Table 5 is large, with relevant differences both within and between courses.
The probabilities reported in Table 5 can be used to predict the performance of a student with a hypothetical ability U, depending on the chosen degree program and the group assigned on the basis on the first letter of the surname. For example, for a student with a high level of ability (say, +σ U ), enrolled in the degree program Business and belonging to the A-C group, the probability to pass all the exams can be obtained by multiplying the six probabilities P r(Y j > 0 | U = +σ U ) corresponding to the A-C group, that is, 0.940 × 0.643 × . . . × 0.942 = 0.191. It is worth noting that the same probability rises to 0.362 for a student belonging to the Q-Z group, whereas it drops to 0.173 for a student enrolled in the degree program Economics and belonging to the D-L group. Similar computations show that the probability to pass all six exams is less that 0.01 for students with average ability (U = 0).
In a similar way we can compute the probability of other patterns. For example, the probability to pass only Accounting for a student with ability level equal to the average, who is enrolled in the degree program Business and belongs to the D-L group, is 0.352 × (1 − 0.197) × . . . × (1 − 0.453) = 0.015; it rises to 0.025 for a colleague belonging to the same group but enrolled in the degree program Economics and to 0.070 for a colleague enrolled in the same degree program but belonging to group M-P. Moreover, for a student with a low ability level (say, −σ U ), enrolled in the degree program Business and belonging to the D-L group, the probability to pass one exam out of six is 0.306, obtained by adding the probability to pass only Accounting, the probability to pass only Mathematics, and so on. For a similar student belonging to group M-P the probability to pass only one exam rises to 0.349. Table 6 reports the probability to enroll in an exam for some values of latent ability U and latent tendency V . The first column of Table 6 reports the probabilities for a student with average values for both latent variables (U = 0, V = 0), thus depending only on the estimated difficulty parametersδ * j .
[ Table 6 about here.]
Similarly to the exam result Y j , the enrollment in the exam R j shows a large variability among courses and, in some cases, also across groups of the same course. The enrollment rate is high for Accounting and low for Microeconomics and Law. Moreover, Microeconomics shows large differences between groups, ranging from 0.14 to 0.60. Looking at the last two columns of Table 6 , we see that the probability to enroll in the exam depends more on student ability U than on tendency V , with the exception of Mathematics. The effect of V is relevant and positive for Mathematics and Statistics and negative for Law, thus confirming the interpretation of V in terms of tendency to take quantitative exams. Table 7 reports the estimated support points and corresponding average probabilities for the latent classes of ability U and tendency V . The support pointsû * h U andv * h V are standardized as described by equations (7).
Estimated latent structure and covariate effects
[ Table 7 about here.] Table 8 reports the estimated coefficientsφ h U c (h U = 2, 3, 4) of the multinomial logit model (1) for the probabilities λ h U of the latent ability U, and the estimated coefficientŝ ψ h V c (h V = 2), of the multinomial logit model (2) for the probabilities π h V of the latent tendency V . Note that, since V has only two latent classes, the multinomial logit model (2) reduces to a binary logit model.
[ Table 8 about here.]
The distribution of the ability U has four support points and it is right skewed. The average probability of the first class (λ 1 = 0.228) is similar to the observed proportion of students who did not pass any exam (0.243). The last class is the smallest one (λ 4 = 0.083) and it includes very good students, with an ability equal to about two standard deviations above the mean. Some student's characteristics have a significant effect on the ability (Table 8) : students with a higher grade and students with a scientific HS degree tend to belong to latent classes of higher ability (i.e., classes 3 and 4), while the reverse holds for late matriculated students.
The distribution of the tendency V gives rise to two latent classes of similar size, with support points -0.949 and 1.054. As noted in Section 5.4, students belonging to the second latent class prefer to take quantitative exams. For a baseline student (degree in Business, male, HS grade at a mid-point, HS type technical, no late matriculation), the predicted probability to belong to the second class is 0.295. This probability raises to 0.462 for a baseline student but enrolled in the degree of Economics and to 0.749 for a baseline student but with a scientific HS degree. On the contrary, this probability decreases to 0.166 for a late matriculated student.
Testing differences across groups of the same course
The results of Section 5.4 show that, for some courses, discrimination and difficulty are markedly different across the four groups. In the model described by equations (3) and (4), an item j corresponds to a group of a given course, for example j = 1 corresponds to group A-C of Accounting. The model has eight parameters for each item j: three discrimination parameters (α j , γ U j , γ V j ) and five difficulty parameters (β 1j , β 2j , β 3j , β 4j , δ j ) .
A test of homogeneity for the four groups of a given course can be performed comparing the full model with a restricted model, where the items corresponding to the four groups have the same set of parameters. For example, for the course of Accounting the restricted model assumes α 1 = α 2 = α 3 = α 4 , and similarly for the other parameters, for a total of 3 × 8 = 24 restrictions. Table 9 reports the LRT statistics comparing the full model with a restricted model for each course, collapsing the items corresponding to different groups. These statistics can be interpreted as an indicator of differences among groups of a given course.
[ Table 9 about here.]
Mathematics shows the lowest value, followed by Statistics, while Management has the highest value. All test statistics deal to reject the homogeneity assumption, except for Mathematics, thus confirming the appropriateness of a model treating the groups as distinct items with certain structural missing values.
Sensitivity analysis
The results of Section 5.4 suggest a weak role of the latent variable V on each exam enrollment variable R j ; see equation (3) for the specification of this relation. Indeed, the discrimination parameters of V (γ * 2j ) in Table 4 are significant (at 5%) for only one-third of the items, and they are lower in absolute value than the discrimination parameters of U (γ * 1j ). Moreover, the standard errors for the parameters of Mathematics courses are abnormally high (for details see standard errorsŝe γ * V j for group Q-Z in Table 4 and also standard errorsŝe δ * j referred to all groups of Mathematics shown in the online Supplementary Material, Table 2 ).
To better assess the role of V , we compared the selected model (k U = 4,k V = 2 in Table  3 ) against a restricted version without V (k U = 4,k V = 1), entailing a reduction of model parameters from 226 to 194. In the restricted version of the model, the standard errors for Mathematics are no more problematic (see estimates shown in the online Supplementary Material, Tables 3-5) . Moreover, the BIC index reduces from 14203.86 to 14166.19, thus confirming that the importance of V in terms of improvement of fit is small. It is worth noting that the main findings about the effects of the latent ability U are unchanged (online Supplementary Material, Tables 6-9).
Despite its small contribution to the model fit, the latent tendency V gives additional insights into the student decision process, thus we decided to conduct the analysis using the model with both latent variables.
Conclusions
For the evaluation of student's proficiency we propose an Item Response Theory (IRT) approach that jointly account for the observed exam results (failed/passed exam and grade) and for the information on the exam enrollment (at least once/never), whose absence gives rise to missing values about the exam result. For this aim, we adopt a multidimensional latent class IRT model, where the same latent variable (i.e., student ability) affects both the enrollment process and the exam result. The proposed model follows a sharedparameter approach for the treatment of non-ignorable missingness and originates from the finite mixture structural equation model of Bacci and Bartolucci (2015) , extended in a suitable way to account for ordered polytomous items and missing data indicators that are incompletely observed.
The proposed model yields useful results for both students and administrators. In contrast to traditional approaches, our model explicitly considers the enrollment to single exams: this is crucial in our setting where first-year courses are compulsory, while order and timing of exams are chosen by the student. Indeed, almost all students take only few of the exams during the first year, and thus they implement a strategy for choosing the order of the exams. It turns out that the enrollment rates to the exams are very different across courses, and in some cases also between groups of the same course. The analysis shows that the enrollment to exams depends on its perceived difficulty, as shown by differences in enrollment rates between and within courses. Moreover, we find that the enrollment does not significantly depend on student preferences (tendency to take exams in quantitative exams); on the other hand, it depends on the student ability, so that the enrollment mechanism is not ignorable. Therefore, the prediction of the student ability requires to jointly model the enrollment decisions and exam results.
We treat the exam result as an ordinal item with five categories: the first one standing for failing, and the remaining four categories for the grade assigned if the exam is passed. The predicted probabilities of passing the exams and of exam grades for a student with given ability show remarkable differences among disciplines. As expected, Mathematics is the hardest exam, with low probability of passing the exam and low grades, highlighting problems with either the course content or the use of the grading scale. Moreover, some courses show worrying differences between groups, posing a fairness issue. For example, for a student with average ability, the passing rate of Accounting ranges from 0.35 to 0.86, according to the group to which he/she is assigned, and for a student with average ability who passed the exam two groups of Microeconomics have the mode on the grades 18-21, and another one on the grades 25-27. This fact poses a serious issue of fairness, given that the assignment of students to groups is based on surname, thus groups are expected to be homogeneous with respect to student ability.
The proposed model allows us to cluster students into four latent classes of ability, corresponding to widely different performances. The structural part of the model relates class membership to observed characteristics. The probability to belong to classes of greater ability is higher for students coming from a scientific high school, students with a good school grade, and students beginning university in the academic year following the end of high school. This information can be used by potential freshmen and by the university management for planning guidance and tutoring activities.
To conclude, we outline that the proposed LC-IRT approach based on within-item dimensionality is suitable for a wide range of applicative problems characterized by ordinal items with non-ignorable missing item responses, such as tests concerning the measurement of customer satisfaction, quality of life, and levels of physical or psychological disabilities. Table 4 : Estimated scaled discrimination item parameters. Table 5 : Predicted probabilities of exam result Y j at some values of latent ability U. Table 6 : Predicted probabilities of enrollment R j at some values of latent ability U and latent tendency V . 
